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Abstract 

We build a germ of singular foliation in with analytical class of 
separatrix and holonomy representations prescribed. Thanks to this con- 
struction, we study the link between moduli of a foliation and moduli of 
its separatrix. 

Introduction 

Considering the problem of moduli for a germ of singular holomorphic foliation 
T in leads naturally to point out many kinds of topological and analytical 
invariants. The invariants of first kind come from the reduction of singularities 
E ■.{M,V) (C2,0) of the foliation: 

1. the topological class of the manifold M: this invariant is a combinatorial 
one; 

2. the analytical class of the pointed divisor V; 

3. the analytical class of the manifold A4; 

The invariants of second kind are more related to the foliation itself: the collec- 
tion of projective holonomy representations defined over each component of the 
divisor V, the so called holonomy pseudo-group. A natural problem is to know 
if coherent data of above invariants correspond to a concrete foliation. The first 
step toward this question is a theorem of A. Lins-Neto [HI, which establishes the 
possibility of constructing a foliation with invariant (1) and projective holon- 
omy prescribed. In his thesis 11 , M. Seguy shows that it is possible to fix the 
invariant (2). The aim of this article is to prove that one can even prescribe the 
invariant (3) and the holonomy invariants in the construction of a foliation. 
The three first sections of this paper are devoted to prove the above result. The 
main tool of our construction is the equisingular unfolding of foliation. Basically, 
it's an iso-holonomic topogically trivial deformation. It was introduced in ^ to 
study the local moduli of a foliation. It is not easy to find in a constructive way 
such a deformation not analytically trivial: except in the very special case where 
the foliation admits a first integral, none exemple is known. This leads one to 
study the cohomological interpretation in order to build non-trivial equisingular 
unfolding. In the first section, we fix a manifold A4, which is built over the 
reduction tree of a foliation and we define a very special class of manifold denoted 



by Gluo{A4,U, Z) related to Ai. In the second section, Ai is supposed to be 
foliated by JF. A property of cobordism type is pointed out and allows us 
to detect the existence of a foliation on any element of G\uo{M,IJ, Z). This 
foliation will automatically be linked to J- by an equisingular unfolding. The 
theorem states that, under the generical hypothesis of being of second kind 
(12. 2|) . the cobordism property holds for any element of Gluo{Ai,U, Z). In the 
third section, we deduce the following result from the cobordism property 

Theorem (Existence theorem). Let T he supposed of second kind. If A4 
and A4' are topologically equivalent then there exists an holomorphic foliation 
on A4' linked to T by an equisingular unfolding. 

A trivial but maybe more explicit corollary of the above theorem is the following: 

Theorem. Let luq be a germ of singular holomorphic 1-form of second kind at 
G and E : A4 C'^ its singularities reduction. For any blowing-up process 
E' with same dual tree as E, there exists a 1-form uj' at £ linked to to by 
an equisingular unfolding such that the singularities reduction of lo' is exactly 
E'. 

The last section is devoted to studying the relations between the moduli of a 
foliation and its invariant analytical curves, the so called separatrix. We use the 
existence theorem to prove the following 

Theorem. Let J-q be a non-dicritical generalized curve at G C^. For any curve 
S' C C^,0 topologically equivalent to Sep(J-o), there exists a germ of foliation T 
at e topologically equivalent to T with Sep(.F) = S . 

The previous theorem can be expressed in terms of moduli spaces: the natural 
map M(jr) M(Sep(J?^)) is onto, where M(.) refers to the moduli space. 



1 The categories Glu„(A1, W). 

The aim of this section is to describe a family of sub-categories in the marked 
trees category These categories are built thanks to a gluing process 

over a fixed tree and present some good properties of computation H1.5|l . 



1.1 The marked trees category. 

A blowing-up process over is a commutative diagram 



M'' ^ ... ^ S X^-i ... K M° = 

U U U U 

T,'' ^ ... ^ -> E^-i ... ^ T.° = {0} (1) 

u u u u 

s"* ^ ... ^ 5^-1 ^ ... ^ s" = {0} 



where M.^ is an analytical two-dimensional manifold; is a finite subset of the 
exceptional divsor :— {E^ o • ■ • o £'-')^^(5°); E^^-^ is the standard blowing- 
up centered in Sj. The set is called the set of singular points. The set of 
irreducible components of is denoted by Comp(2?^ ). The integer h is called 
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height of the blowing-up process and (A^'', 2?'', S'') the top of the process. The 
composed map Eh := o ■ ■ ■ o E^ is called the total morphism of the process. 
Blowing-up process appears naturally in the desingularization theory. This ar- 
ticle focusses on an isolated singularity of holomorphic foliation T in . In this 
context, the Seidenberg's theorem 521101 claims that there exists a blowing-up 
process (^E^ , , S^) ^ reducing the singularities of T. A singularity of 

foliation is reduced when given by a holomorphic 1-form with linear part 

Xxdy + pydx, (3^0 ^^Q<o- 

In the previous diagram, refers to the singularities of E^* T and to the 
non-reduced ones. The fohation E^* T requires all its singularities to be reduced. 
More generally, we call tree a triplet {M.^V, E), where is a two dimensional 
holomorphic manifold germ with a closed normal crossing hypersurface T). Each 
irreducible component of T) is biholomorphic to ; E is a finite subset of V that 
contains the singular locus of V. Let us denote by (Ai,!)) the matrix 

[< D,D' >]D,D'eComp(V) 

where < D,D' > is the intersection number of the components D and D' . It's 
called the tree intersection matrix. 



The marked tree notion was introduced in 11 in order to compare the foliation 
semi-local invariants. Let {Mq, Vq, Eg) be the top of a blowing-up process. We 
call indexation of {A4, V, E) related to (A^q , , Eq ) a couple of two bijections 

cr : E^ E k: Comp(P^) ^ Comp(P) 

such that for any irreducible component D C Vq, (7(1? n Eq) = k{D) n E. 
Moreover, let us denote by Ex I? the following set 

{{s,D) I s e D} C E X Comp(P). 

We call complete closed paths system of {A4, P, E) a collection 

of closed paths in I?\E such that, for any component D, the paths 7s, d generate 
the fundamental group of D\E. The group Homeo'''(2?, E) of orientation pre- 
serving homeomorphisms, which fix each point of E, acts on the set of complete 
closed paths systems. Two complete closed paths systems F and A are isotopic 
when there exists a path t ht, t & [0,1] in Homeo'''(2?, E) such that ho — Id 
and A = /i^F. 

Definition 1.1. A marking of {M,T>,T,) related to (A^Q,2?g,Eo) is a triplet 
(cr, K, r) with an indexation (cr, k) and a complete path system isotopy class T 
such that K conjugates the intersection matrix: 

[< k{D),k{D') >]n,D'eComp(v's) = (-^o-^^o) ■ 
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The marked weighted dual tree, denoted by A* [A4, P, S] , is a couple of data: the 
weighted dual graph whose incidence matrix is the intersection matrix and the 
tree indexation. Two trees (A^,!^, S) and (A/", f , A) with marking {a,K,T) and 
{p, 6, A) are conjuguated when there is a biholormphism germ H defined on a 
neighborhood of T> such that: 

1. H{V) = £, = A; 

2. H*a = p, H*K = 6, H*T = A. 

The assumption (2) is called marked conjugation compatibility. Let us denote 
by 2t(A^,X', S) the category of marked trees by (7W,2?, E) with marked com- 
patible conjugation as arrows. It's not hard to prove the following proposition 
by induction on the height: 

Proposition 1.0.1. Let {Af,£,A) e 2l(A^,P, S). Then there exists a blowing 
-up process whose marked top is conjugated to {J\f,£,A). 

The above proposition (|1.0.1|l allows us to extend in an easy way all natural 
invariants of blowing-up process to the category of marked trees. Afterwards, 
we are going to define the component multiplicity. 

Let us denote by 0{A4q) the sheaf of germs of holomorphic function over AAq. 
Let ij,h be the divisor inclusion Vq C Mq. We define 

O^j :=^^i(0(X^})). 

The sheaf Oj^h is the restriction of O over Vq. Let D be an irreducible com- 
ponent of the divisor. We denote 

Id C Oj^h 

the ideal subsheaf of germs of function vanishing along D. Let us consider the 
subsheaf OJl C Oj^h pull-back of the maximal ideal at G C^. The sheaf OJl 
is locally free and generated by two global sections. Futhermore, we have the 
following decomposition 

D£Comp{V) 

Here, v{D) is called the multiplicity of the component D. One can see that it is 
well determined by the intersection matrix. When (A^,2?, S) is a general tree 
marked by (A^g , 2?q , Eg ), the multiplicity of D is naturally the multiplicity of 
the component associated by the indexation in I?g . 

1.2 The sheaves Q^, n>0. 

Prom now on, we fix an element (A<,P, E) in % (Mo,^)^ . 

In order to define some sub-categories of 21 [Mo,T^q, Eg) we are interested in, 
we introduce a family of sheaves of group over T>. This construction leads to a 
key property Hl.l.l|) . 

In order to get through a technical difficulty, which appears in the final induction 
(|2.1.3|l . the tree is enhanced with a cross: let A4'' be the top of a blowing-up 

process with tW' ~ given by the proposition H1.0.1|) : let Eh be the total 
morphism of the process and E :— (j) o Eh. 
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Definition 1.2 (Cross). A cross on A4 is the strict transform Z = E*Zq of a 
single Zq = {Z{\ or of a couple Zq = {^1,^2} of germs of smooth transversal 

curves at the origin of . 

Throughout this article, we will often have to describe objects in coordinates. 
Adapted coordinates will always refer to (x, y) local coordinates such that 

• in the neighborhood of a regular point of V, {x = 0} is a local equation 
of X»; 

• in the neighborhood of a singular point of T>, {xy = 0} is a local equation 
of X>; 

• in the neighborhood of the cross, {x = 0} is a local equation of V and 

{y — 0} an equation of Z. 

We consider Aut(A1,.^) the groups sheaf over V of germs of automorphism 
defined in a neighborhood of V such that 

i>|x. = Id, $|z = Id. 

Let us have a close look at the form of the Ant {M,Z) sections. At a reg- 
ular point c of X> U Z in an adapted coordinates system {x, y) , the stack 
Aut{M-, Z)c is the set of germs {x,y) t-^ {x{a + A),y + xB) where A and B 
belong to C{x,y}, A{0,0) = and a € C*. At a singular point s of V U Z 
in an adapted coordinates system, the stack Aut{M, Z)s is the set of germs 
{x, y) (a;(l + yA), y{l + xB)) where A and B belong to €,{x, y}. 

We will be naturally led to look at the infinitesimal neighborhood of the divisor. 

To take care of the cross, we consider a filtration of Om defined by OJt^ •= 
Iz ■ 271", n > 1. In the same way, we denote 3z C Om the sheaf 

3z := Iz- n 

DeComp(V) 

Definition 1.3 (Infinitesimal crossed tree). We call n*^ infinitesimal crossed 

tree the analytical space 

The neighborhood of order is A^M'-^ := {p,OM I'^z )• We also consider the 
following ringed spaces: 

M^'^ := {V, 3z pzm'^z ) M^'^ := (V, 3z /3| ) • 
The sequence of canonical imbeddings 

. . . M^'^'^ ^ A^b-il,^ ^ . . . ^ ^ A^[o],2 ^ M 

induces a natural filtration of the sheaf Ant{M, Z): 

Definition 1.4. We denote by Aut„(A1, Z) the subsheaf ofAut{M, Z) of germs 
that coincide with Id when restricted to the infinitesimal neighborhood of order 
n. 
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The sequence of normal inclusions of groups 

. . . <i Autp(A^, Z) < Autp-i{M,Z) <...< Auto(X, Z) < Aut(A^, Z) 

points out the existence of a main part function for the filtration above. To 
describe it, we study the form of Aut„(A4, Z) sections. 

At a regular point c of VU Z: let p be the multiplicity of the c component. 
In an adapted coordinates system, the elements of Aut„(7V(, Z)c can be written 
(l){x,y) = (a; + xP"A,y + xP"B), where A, B belong to C{x,y}. Let Jn be the 
function defined by 

cl>eAutn{M,Z),^xP''~'A{x,y) e {Omm.-)c- 

One can see that J7n is a morphism of groups that doesn't depend on the adapted 
coordinates. 

At a singular point s of V: let p and q be the multiplicities of the local 
components. The elements of Aut„(A4,Z)s are these of the form (l){x,y) = 
{x + x^^y'^^A, y + x^^y'^^B). In the same way, we define an intrisic group mor- 
phism by 

^eAutn{M,Z)s^xP''-^y'^"-^{yA{x,y)+xB{x,y)) e (O^h.-),- 

At an attach point z of Z: the elements of Aut„(A^,Z)2 are of the form 

(t){x, y) = {x + x^^yA, y + x^^yB) and the morphism is defined by 

^ e Anin{M,Z), ^ x?"'-! {yA{x, y) + xB{x, y)) £ (O^h,^), . 

Finally, we get a morphism of sheaves defined by its previous local description 
Aut„(A^, Z) Oj^{^\,z. We have likewise a morphism of sheaves j7o: 

Auto(X,Z) A O^o.z. (2) 

Definition 1.5. We denote Q"^ the subsheaf of AvLtn{M, Z) kernel of the mor- 
phism Jn- 

Lemma (jl.l|l gives an intrisic criterion for a germ to be a section of Q"^: 

Lemma 1.1. Let cf) a germ of section o/Aut(A^,Z). The following properties 
are equivalent: 

1. (j) is a section ofQ^^. 

2. (j) is the identity restricted to A^["l'^ and to M-^ . 

The following property shows the interest of the sheaves Gz we introduce: basi- 
cally, these are sheaves of Lie groups associated to some sheaves of Lie algebras 
which are natural in our context. 

Property 1.1.1 (Key property). Let X be a germ of vector field tangent to 
T) and to Z . Let f be a germ of OJt^ section. Then the flow of f ■ X is a germ 
of section. 
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Proof : The property can be read on the form of flow in coordinates. Let (x, y) 

be local adapted coordinates. If y is a germ of vector field, we denote by Y'^^^ 
the fc*'* power of Y as differential operator on Oq] for x and y small enough and 
t e [0, 1], the flow of Y at time t can be expanded as 

oo , ^ 

k=a 

In the case of a divisor singular point, an induction on k shows that, there exists 
AkjBk, sections of 9JIJ~'~'^, such that Y^''\x,y) = {xAk{x, y), yBk{x,y)). Hence, 
at time 1, the flow has the form (x, y) i — > {x, y) + yB) where p and 

q are the multiplicities of the local components of T). The latter automorphism 
is a section. 

□ 



1.3 The tree gluing. 

Thanks to the sheaf Aut(A^,Z), we are going to introduce a process called 
gluing on This construction will allow us to define a large class of trees with 
same divisor analj^ical type. These trees will inherit a canonical marking and 
a cross. 

1.3.1 Distinguished covering. 

Let us define a particular type of open covering of the divisor. Open sets of that 
covering will play the role of gluing " bricks " 

Let U = {C^i}ig][=][ouii covering of V constitued of two kinds of open sets: 

• if i belongs to Iq, Ui is the trace on D of a neighborhood of a unique 
singular. 

• if i belongs to Ii, Ui is an irreducible component of 2? deprived of the 
singular points of T). 

Definition 1.6. Every such covering is called distinguished when there is no 
^-intersection. 

Distinguished coverings contain Stein open sets having fundamental systems 
of Stein neighborhood. From now on, a covering denoted by hi will always 
supposed to be distinguished. The spaces ipi,Q) and ipi,Q) are the sets 
of 0-cocycles and 1-cocycles in the sense of Cech for the sheaf Q and the covering 
U. Let us consider 

loxii = e lo X ix\Ui n Uj ^ 0} . 

We define := Z° {Ui n Uj,Aui{M, Z)). Since distinguished cover- 

(jj)eioxiii 

ing doesn't have any 3-intersection, Z^ and Z^(U, Aut(A^, Z)) are isomorphic. 
Hence, if no confusion is possible, we will keep on denoting Z^ the space Z^. 
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1.3.2 Gluing. 

Thanks to distinguished covering, we are able to glue the open sets of that 
covering by identifying points according to a 1-cocycle in Aut(A^, Z). Let {(j>ij) 
be a 1-cocycle in {U,Aut{M, Z)). We define: 

i 

where Ui is a neigborhood of Ui in A4 such that (pij becomes an automorphism 
of A4 along Ui n Uj . The latter automorphism is well defined since it coincides 
with Id along the divisor. The manifold we get comes with an embedding 

V^M[^,j] (3) 

whose image is denoted by ] and is considered as a germ of neigh- 

borhood of V[(j)ij]. 

Definition 1.7. The manifold germ A4[(j)ij] is called gluing of A4 along U by 
the cocycle {4>ij)- 

The gluing of a marked crossed tree comes naturally with a marking and a 
cross: the marking is the direct image by the embedding Q of the marking cr; 
the cross is the direct image of Z by the quotient map for gluing relation. Such 
a tree, marking and cross are respectively denoted by 

{M[cj)ij],V[(j)ij],T.[cf)ij]) , o-[(?!)y], andZ[0y]. 

In the same way, the direct image of the covering lA by the quotient map is a 
distinguished covering of the new tree and is denoted by U[<l)ij]. 

We associate to any gluing the data of morphisms on infinitesimal neigborhood 
generalizing the embedding ©. The intrisic description 11. 1|) of Q^^ sections 
reveals the following property 

Property 1.1.2. Let n be an integer and M = Ai[(l)ij\ be a gluing of by a 
cocycle in Z^(U,Q^^). Then the canonical analytical embeddings 

have for respective images A/'^"l''^f'^'jl and A/'-'^^'^'^l . 
1.4 The G\Un{M,Z,U) categories. 

Let p be an integer. Let us consider the marked crossed tree built by a succession 
of gluings 

M[<i>]^M^][..m,] (4) 

where 

• {(t^ij) is a 1-cocyle of ^z^; 
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. for /c = 2, . . . (0^) e (u\cPl\ . . . ...[,-^]) -ith 

Following the p. 1.21) lemma, we have canonical embeddings 

P^i^hmn-m,^ ■ ^ ^mm- ■ M,], (5) 

pxi[0y[0y[...][0?,] ■ ^ ■ -M,]- (6) 

Definition 1.8. The Glu„(A^, category is the category whose objects are 

marked crossed trees built as ^ with the data of embeddings |3|) and Arrows 
are biholomorphic germs that respect marking and commute with embeddings. If 
M and Af are isomorphic in Ghin{M, Z,U), we denote 

M ~JV. 

1.5 Computations in Gluo(7Vl, W). 

To compute in Ghio{Ai, Z,U), we state three properties to manipulate gluings 
towards their defining cocycles. In view of intrisic description of sections, 
it's easy to check the following property: 

Property 1.1.3. Let Af andV be in Glun{M, Z^IA) defined respectively by the 
l-cocyles (pij) and {"^ij). The following properties are equivalent: 

1. U-V. 

2. There exists a 0-cocyle {(pi) in such that pij — ■ 

The family of maps li : Ui C A4 ^ A4[<j)ij] induces the following canonical 
isomorphism 

/ Z°{U,Aut{M,Z)) Z"(W[0„],Aut(A^[0„],Z[0y])) 

We are able to define such an isomorphism for 1-cocycles thanks to the 
spaces (|1.3.1|) : we define (^^ as the following isomorphism, 

ii ^ n(..,)eioxi, iU^ H C/, [</>,;,], Aut(A^[<^.,], 

is an isomorphism and the checked map C,^ . Now, one can state the following 
useful property: 

Property 1.1.4. Let [ip^j) and (ipij) be in Z^ (U, Aut{M, Z)) . Then 
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1.5.1 Stability property. 

In this subsection, we identify in the gluing category a class of isomorphic trees: 
basically, if the gluing cocycle is tangent enough, the glued tree is isomorphic 
to the initial one. 

Property 1.1.5 (Stability). For n big enough, the image of 

G\n.n{M, Z,U) — * Gluo(A^, Z,U) 
are trees isomorphic to A4. 

This property can be stated in the following way: the map 

is constant equal to [/(ij^n . First, let us establish the equivalent statement for 
the intial sheaf Aut„(2?, Z). 

Lemma 1.2. There is an integer S{n) bigger than n such that the image of the 
map 

H\V,Auts(n)iM,Z))^H\V,Autn{M,Z)) 

is trivial. 

Proof : The proof of a similary result can be found in |l()j . Here, we reproduce 
the main arguments. One can supposed A4 to be the top of a blowing-up 
process. Let p > n and be an element of Z^ {D, G^). There exists a germ of 
biholomorphism 9 between M and the top of blowing-up process M' . Let us 
denote by Z' the induced cross on A4'. The map 9 induces an isomorphism 0^'-^ 
between the infinitesimal crossed neig hborhoods and TW'W-^'. 

Hence, 9^^^'^ o pW'-^ identifies infinitesimal neighborhoods of top's blowing-up 
process. One can show that for p = S{n) big enough, 9^^^'^ o p\p\^^ can be 
extended in T as a biholomorphism of trees such that 

Hence, H = T^^ o 9 is a germ of biholomorphism between A^[0y] and 
with o ^ Id'"!'^. This is equivalent to the triviality of (0^^) in 

H^iV,Aut„{M,Z)). 

□ 

Corollary 1.2.1. There is an integer uq such that for n > no the image of 
is trivial. 

Proof : Let {(j>ij) be a 1-cocycle in Q^J^^\ Its trivialisation in Aut„(£',Z) can 
be written 

(f>i] = (t)iO(f>J^. (7) 

Let us denote by pi and p2 the attached points of the cross. The cross is 
the strict puUed-up of a couple of transversal curves at the origin in which 
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define a local system of coordinates. Near pi and p2, there are two local adapted 
coordinates systems (xi, yi) and (x2, 1/2) such that E takes the following forms: 
E{xi,yi) = {xi,yiXi^) and E{x2,y2) = (2^22/2'^, 2/2)- The components of the 
cocycle 4>i and 4>2 defined near pi and p2 can be expanded as: 

0i(a;i,yi) = {xi + XiyiUi{xi,yi),yi + x"yiVi{xi,yi)) 

<t>2{x2,y2) = {X2 +y2X2U2{x2,y2),y2 +y2X2V2{x2,y2)) ■ 

Let 00 be the germ of biholomorphism near in defined by 

Mx,y) = ixey''^-^''y\ye-"''^^-'°^). 

For n big enough, can be raised in an automorphism that fixes each point 
of the divisor and the cross. Moreover, for any point c different from pi and p2, 
the evaluation through Zo (see ^) provides the equality Zo{4'~^)c = 0. Now, 
the choice of (j) ensures that 3o(0i)pi = 3o(0)pi and that Zoi4>2)p2 = 5o(0)p2- 
Finally, 3o(0i ° = 0. Hence, the 0-cocycle [(f>i o 0"-'^) is a trivialisation of 
in 

□ 

As mentioned before, the previous corollary is equivalent to the stability prop- 
erty. 

2 Cobordism in Glu„(>(, Z, W). 

From now on, we assume the marked tree M. to be foliated by J-. We are going 
to define a cobordism notion in order to detect on any element of Gluo(A^, Z,U) 
the existence of foliation linked to J- in the sense of equisingular unfolding. For 
a precise definition of equisingular unfolding, we refer to 0. We assume the 
singularities of T to be reduced. 

Definition 2.1 (Cross adapted to JT). Let Z be a cross on M.. Z is said to 
he adapted to T when each Zi verifies at least one of the following properties: 

1. Zi is a separatrix of T . 

2. Zi is attached at a regular point of J- . 

In the latter case, Zi will be transversal to the foliation. 
Now, we consider two natural sheaves: 

• the sheaf Xs,z is a sheaf over T). In each point of P, its fiber is the space 
of holomorphic vector field germs of M that are tangent to P, to the 
separatrix and to the cross; 

• the sheaf Xjr^z C Xs.z is the subsheaf of germs tangent to the foliation. 

From now on, e*"-^ refers to the fiow of the vector field X at time t. One notices 
that, if X is a section of 3z3£s,z then, for all t G C, e*'^ exists as germ and 
defines a section of Aut(A^, Z). 
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Definition 2.2 (Elementary cobordism). Let Af ^ G\\iq{M , Z ,U) . 

Af is elementary T-cobordant to A4 when there exists a 1-cocycle (Tij) of Z^(iJ, 3zXjr z) 

such that M and Ai[e^'^] are isomorphic in Gluo{A4, Z,U). 

Here, J\f inherit a canonical foliation defined by 

i 

Moreover, a rigidity result of Grauert T implies that the deformation t Mt = 
A^[e^*^-^'j], t G ID carries an equisingular unfolding between JF and T[e^^^] in 
the sense of |7]. 

Definition 2.3 (General cobordism). Let M he in Gluo(A^, Z.U). Af is said 
to be J--cobordant to A4 if there exists a finite sequence of 1-cocyles ^ 
such that the two following conditions are verified: 

L for any p — 0, . . . , N — 1, let Xj^^^z^ be the sheaf over P[e"^'j] [• • • ] [e^^i] of 
germs of vector field tangent to the following foliation and cross 

^ = ^[e^i][...][e^], Z, = Z[e^][...][e^5]. 
We assume {rfj^^^ is a l-cocycle with values in Xj^^^Zp- 

2. A!'''^AA\e^^\--\\e^"\. 
We summarize this definition with the following notation: 

M — ^ A42 — ^ ■■■ — ^ Mn—AJ 



2.1 Conctruction of cobordism. 

A foliation is a non-dicritical generalized curve when each reduced singularity 
has two non- vanishing eigenvalues and when the divisor is invariant. 

Proposition 2.0.1. Let J- be a non-dicritical generalized curve on a marked 
tree A4 crossed by Z. Any element in Gluo(A^,^,W) is T-cohordant to A4. 

The proof points out three different steps : first, we establish the result at an 
infinitesimal level, then for the sub-category Glui(A4, Z,h{) and finally, thanks 
to an induction on the height of the tree, for the Gluo(A^, Z,U) category. 



2.1.1 Step 1: the infinitesimal level. 

Let H he a, biholomorphism between A4 and the top of a blowing-up process 
A4^. The induced foliation on A^'' is defined by a germ of holomorphic 
1-form u! at the origin of C^. We define E Eh o H where Eh is the total 
morphism of the process The global 1-form E*lu defines a morphism of 

sheaves 

X e Xs,z ^ E*iLu){X) e Om- 
Let a reduced equation of the separatrix be denoted by /. 
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Lemma 2.1. There exists an exact sequence of sheaves 



— > mixs,z — ^ mi U°E)~^ 0. 

Here, (/ o E) is the sheaf of ideals generated by f o E in Om ■ 
Proof : Let us show that there exists an exact sequence of sheaves 

X^.z — Xs.z {foE)^ 0. (8) 

The exactness of the first part in is obvious since Xjr ^ — \sv(E*lij). Let 
us compute the image of As is a non-dicritical generahzed curve, 

near a divisor singular point s there exists local coordinates such that f o E — 
UxP+^yi+^ and E*uj = VxPy'i{Xx{l + A)dy + y(l + B)dx), where U and V are 
unities. Let g be any element of {Om)s- The vector field X — ygydy belongs 
to {Xs,z)s and E*u!{X) = gf o E. At a regular point c of the foliation, there 
exists coordinates such that f o E — Ux^^^ and E*u) = Vx^dx, where U and 
V are unities. The vector field X = xg^dx belongs to {Xs.z)c and verifies 
E*uj{X) — gf o E for any germ of function g. The other cases can be studied 
in the same way. Now, the sheaf TV^ is locally principal. Hence, the sequence 
^ multiplied by OT^ remains exact. 

□ 



Lemma 2.2. For any n>l, Hi(P,9Jl|) = 0. 

Proof : The long exact sequence associated to the short exact one 9Jt^ 
gjl" ^ TT/m'l ^ is written (0) 

>iJ°(P,97l") ^ i?°(2?,9Jl"/9Jl5) -^H^{V,mi) ->i7i(P,9Jl")-- - . 

The sheaf 9Jl" is generated by its global sections. Hence i/^(I?,3Jl") — since 
H^{'D,Om) — 7 . In order to conclude, it remains to prove that 6 is onto. 
Out of the attached points pi and p2 of Z, the sheaf Iz coincides with Om, 
therefore the fiber of 9Jl"/97l^ is trivial. Let us consider the local coordinates 
systems {xi,yi) and (a;2, J/2) near pi and p2 introduced in the proof of (|1.2.1|1 . 
We have 

(OT7OTl)p^ ~ x5^C{a;i,z/i}/x^2/iC{xi,yi} ~ x^'Clxi}. 

In the same way, (a7l"/97l^)p^ is isomorphic to y2C{y2}- Hence, the space of 
9Jt«/OT« global sections is identified to x^^ClxilSyJCjj/a}. Let 5 = a;>i(xi)© 
2/2*^2(2/2) be in the previous set. The germ of function defined by s{x,y) = 
x"ai{x) + y"a2(j/) induces a global section so E of 9Jl". Now, the map E takes 
the following form in coordinates: E[xi,yi) — [xi^yix^^) and -E(a;2,y2) = 
{x2y2^, 2/2)- Hence s o E verifies the following equalities 

{soE)p, = x>i(xi)+y^'a;5'^ia2(2/ix5'i) =x>i(xi) e (M"/97l^)p^ 
{s o E)j,, ^ xlvf'^a^{x2y^^) + y2"a2(2/2) ^ y>2{x2) e (Tiym^)^^ , 
that means d{s o E) — S and ends the proof. 
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□ 



Now, we can state the infinitesimal equivalent of the property H2.(J.1|) : 

Proposition 2.2.1 (Infinitesimal cobordism). 

The map 

is onto. 

Proof : The long exact sequence associated to the short one in the lemma (|2.1|) 
is 

> H\V,miX:F,z) H\V,Wz^s,z) H\V,Wl{f o E)) ^ ••• (9) 

Now, the lemma H2.2|l ensures that H^{dJV^{foE)) is trivial, hence the last term 
of vanishes. 

□ 



2.1.2 Step 2: cobordism in Glui(A^, 

This section is devoted to prove the following proposition: 

Proposition 2.2.2. Let J- be a non-dicritical generalized curve on a marked 
tree A4 crossed by Z. Any element o/Glui(A4, Z,U) is elementary J--cobordant 
to M. 

The proof consists in getting the cobordism on a infinitesimal neighborhood of 
order big enough to apply the stability property. 

Lemma 2.3 (Infinitesimal cobordism of order n). 

Let {(f>ij) in Z^{L{,Q^). For any n> 1, there exists {Tij) in (U ,DJlzXjr 2:) , 
{(pi) in Z° iU,Q\^ and {^(i>ij^ in Z^{U,Q^) such that 

o 4>tj o 01 = e^'^' o (10) 
Proof : It is an induction on the integer n. Let us assume the property to be true 
at rank n. Let ^^ij^ G Z^iU, Q^) be given by the induction hypothesis. In local 
adapted coordinates, one can write (f>ij{xij,yij) = Id + {Aij,Bij). Let Xij be 
the germ of vector field defined by Xij = Aijdx^j + Bijdy^. . The family {^Xij^ is 
a 1-cocycle with values in dJV^Xs,z- The lemma H2. 2.1(1 ensures the existence of 
a 0-cocycle [x^ in {U.Wz^s.z) and a 1-cocycle (^TyJ in (i^, OT^Xjf^z) 
such that Xij = Xj — Xi + Tij . By expanding the flow e-^'^ , one can see that 

:= e-*- o 0,, = (Id - X,, + . • • ) o (Id + X^J +■■■)£ g'^\ 
In view of the previous relations, we find 

e~^^ o o (f)ij o(j)iO e^' = e^^^ o e^'^ o ^i^ o e^' 

= e"^^' o e^'^ o e^'^' o e^^ o (f)]- o 

where [a, 6] = a~^b~^ab. Now, one can find in the following result: 
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Sub-lemma 2.4 (Campbell-Hausdorff formula). 

Let X and Y be two germs of vector field vanishing along the divisor. Then 
there exists a formal vector field p{X, Y) = X^fe^i Pk (^j such that 



The sum is convergent for the Krull topology in the space of formal series. 
Moreover, the first terms of the series are 



p{X,Y)=X + Y+]^[X,Y] 



(11) 



Thanks to the above lemma, we get the foUowing relation 



e oe 



„p(p(p(-X,,T.,),Jf.,),X.) 



The relation Hll|l provides the following expansion: 



p{p{p{-Xj , Tij ) , Xij ),Xi) 



Tij + Tij 





1 




1 






Tij , Xj 


+ 2 


Tij , Xij 


-^2 




+ 



(12) 



Now, for any integers n and m, pV'^Xs,z, M^Xs,z] C 371^+" Hence, (Ky ) 

is a 1-cocycle of {U,dJV^^Xs,z)- So, we get the following expression 



e~^i o(j)j^ o (j)^j o(j),o e^' = gT>j+Ti,-+yi,- ^ ^ 



(13) 
(14) 



where 0f ■ is equal to e 



Q gTij+Tij+Yij Again, the Campbell-Hausdorff 



formula shows that (j)fj is the flow of the vector field admitting the following 
expansion Yij — i Yij , Ty + Tij + ■ • • . As a consequence, in view of the property 
l)l.l.l|l . (j)'^j takes its values in Gz^^- Finally, similary arguments ensure that the 
commutator in l|14|l is in Q^^^ class. Hence, the equation H14(l is the induction 
hypothesis at rank n + I. 



□ 



Let us now prove the proposition (|2.2.2|l . One can write ~ j\4[4>ij] with 
{(j>ij) in Z^{h(,Qz)- The infinitesimal cobordism lemma gives us three cocycles 

(T,,) in Zi {U,mzX^,z), {^^) in 2° {Vl,gl) and (^y) in Z^iU.G^) such that 

(f>J^<j)ij<j)i = e'^'-'cpij. Now, the p.l.3|) and p.l.4|) properties imply that 

Moreover, the stability property applied in Glun{A4[e'^^^], Z[e'^'j],U[e'^'^]) to 
the cocycle (^C^4>ij^ shows that A^[e-^*j][C^0ij] ^ A4[e'^^^]. Hence, M[(l)ij] is 
isomorphic to Ai [e'^'^ ] , which is the checked property. 
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2.1.3 Step 3: cobordism in Gluo(X, Z, W). 



The proof of the H2.0.1() proposition is an induction on the height of the tree, 
which allows us to use the previous result established for the G\ui{Ai, Z,U) 
category. 

Let {4>ij) be such that TV = M[(j)ij]. Let us denote by Dq the irreducible 
component of V appearing after the first blowing-up. Let {ci, . . . ,cn} be the 
set of singular points of T) on Dq . We denote by Vi the branch of V attached to 
Ci and Ml the neighborhood ofVi in A^. Ui refers to the distinguished covering 
of Vi induced by restriction of U. Moreover, we denote hy Uq the open set 
Do\ {ci, . . . , Cat} and Ui € U the neighborhood of q. The foliation JT; refers to 
the restriction of the foliation to Aii- We consider a cross Zi defined by the 
trace in Aii of Dq and of the strict transform of Z (see Fig. I2.1.3|l . One can see 
that J-'i is a non-dicritical generalized curve on a marked crossed tree and that 
Zi is adapted to J-'i. 




Figure 1: Induction construction. 

Let us consider (0-^) e Z^(iY;, ) ^he 1-cocycle restriction of (^y ) G Z^{U,Q%) 
to Uu 

4>[j = Ui, Uj e Ui. 

Since each tree Vi has a height smaller than h — 1, the induction hypoth- 
esis ensures that each tree is JF/-cobordant to Mi in the category 
G\vioiMi,Zi,Ui)- 

Let us assume first that the above JF;-cobordisms are elementary. By definition, 
there exists a family of 1-cocyles (T^j), I = 1, . . . , N of Z^{Ui,3zi'^j^i,Zi) such 
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that, 



In view of the lemma , there exists a family of 0-cocycles in verifying 

0^, =Vje^.Vr'- (15) 

Let us suppose that refers to the component of the 0-cocycle (■(/'') defined on 
the open set Ui containing the singularity q. Let (e"^'^ )^^^ be the 1-cocyle 

, y_ . - f °^ UiCiUo 

)ext~ ]^ gT^ gjgg 

We denote by 0/o the component of the 1-cocycle (0y) defined on Ui Ci Uq. 
Finally, we define a 1-cocycle by 

V'i</';o on Ui n Uq 
e^'^ else 

The relation H15|l induces an isomorphism in G\\io{M., Z,U) 

M[K,,]°:^M[cj),,]. (16) 
We define the following 1-cocycle 

ip{<j)io on Ui n Uo 
Id else 

Let M e Gluo(X, Z,L{) be defined by = M[e^'Jt]. We have 



MlC'k,,] = A^[eSl][C^S:.,] (17) 

'=2 Mie^r^.,] (18) 
= M[k,,]. (19) 

Outside Ui nUa, the components of the cocycle (C^Kij) are equal to Id. Since 
■0; is in the class, C'^kio is a germ of automorphism in Q*^ where Z = Z[e^^^]. 
Now, the sheaves 3^ ^^'^ ^\ coincide along the regular part of Dq. Hence, the 
sheaves 5^ and 5| are equal too. As a consequence, the 1-cocycle (C^S^y ) is 
in Q^- s-iicl M.lC'kij] belongs to G\\ii{M,Z,U). The proposition H2.2.2|l ensures 
that there exists an elementary JF[e^t]-cobordism between M. and SA[Q^'kij\ 
defined by a 1-cocycle (^e'^'^J G Z^{U,3 z^^r^J^i^^ z^- Thanks to lO and (O, 
we have TV ~ Hence, we get a final cobordism between Af and M.: 
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Now, if the cobordisms arc not elementary, one can suppose them to be de- 
composed in sequences of elementary cobordisms of same length. Indeed, we 
have 



Ml = Ml --1 M\---M\-^ --1 M^c^Afi, 
M2 = Ml --i Ml---Ml-^^"--V Ml'':^N2, 



Mn ^ M]^ --^ Mif-M^j^' --^ M^^~Nn, 

where and Zj', I > 1 naturally refer to the foliations and the crosses induced 

e 'J 1 be the cocycle defining the elementary 

cobordism Mf --'^ A^f+\ where {r^f^ belongs to ^^(Z^f , A:^^^^). 
For l<fc<p — 2, we consider the trees M^ defined by A^^ = M and 



with 

_ / Id on C/f n C/o 



•t I e 'J else 

Here U^'^ refers to the distinguished covering induced by the successive gluings, 
jjk+i,i _ iik,i]^^T^. ^^^j^ view of the construction, the previous relations give 
us a general JF-cobordism between M and A^p^^. Moreover, for all I the tree 
restriction of the tree M^^^ over the singularity I is isomorphic to A^f ~^ 
and the foliation got by successive cobordisms is isomorphic to J-^~^ ■ 

Hence, to finish the proof of (|2.U.1|I . one must solve the elementary case from 
M'P^^ to A/", what has already been done. 



2.2 The second kind case. 

In this subsection, we want to extend the proposition l|2. 0.1(1 to a bigger and 
more natural class of foliations than the generalized curves. 

A reduced singularity of foliation with a linear part of the form xdy admits 
formal normal forms of following types 

xP+^dy - 2/(1 + \xP)dx. 

The separatrix x = is called the strong invariant curve. If some singularities 
of such kind appear in the reduction process, most of previous results are false, 
except when this kind of singularities is in a specific position. The notion of 
foliation of second kind was introduced in ^0] to take care of that possibility. 
This class of foliations admits the same properties as generalized curves and 
provides a nice description of local formal moduli spaces. 

Definition 2.4. T is of second kind if 

1. J- is non-dicritical, 
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2. each singularity of the divisor is a reduced singularity of the foliation with 
two non-vanishing eigenvalues, 

3. each singularity of the foliation on the regular part of the divisor is either 
of above kind or has xdy for linear part; in the latter case, one asks the 
strong invariant curve to be the germ defined by the divisor. 

With obvious notations, we consider the sheaf Xs,z over T) of germs of formal 
vector field that are tangent to the divisor, the separatrix and the cross. We 
denote Xj^^z the subsheaf of vector fields tangent to the foliation and the cross. 
In [5], one can find the following criterion for a foliation to be of second kind: 

Proposition 2.4.1. The foliation T is of second kind if and only if the sequence 
of sheaves 

Xr,z %.,z 5 (/ o ^ 

is exact. 

Now, it's not hard to see that from the above exact sequence, every previous 
constructions and arguments can be repeated in the formal context under the 
second kind hypothesis. More precisely, one can get the following result: 

Proposition 2.4.2. Let T be a foliation of second kind on a marked tree A4 
and Z an adapted cross. Let M be in GhiQ{M, Z,IA). There exists a finite 

sequence of 1-cocules {Tf',] such that 

V ■'/k=l..N 

A/-iA^[e^'.-][e^5][...][e^5^].i 

Here, (^"^ij^ "^^ 1-cocycle with values in ^ ■ ^^"^^ sheaf over the 

divisor of the tree A4[e^'i][e^'j][. . .][e^»j ] whose fiber is the space of germ of 
formal vector field tangent to the following formal foliation and formal cross 




From this formal construction, one can go back to the convergent context using 
the following lemma: let M. be foliated by a convergent foliation T of second 
kind and let [f,.^ be in Z^(U,3zXjr z). 

Lemma 2.5. There exists (T^^) G Z^{U,3zXjr z) such that M[f,j] ?2 M[T[^]. 

Proof : Since J- is convergent, there exists a convergent vector field Tij tangent 
to the foliation and a formal series cj)ij such that — (j)ijTij. For any integer 
n, we consider the cocyle {Tfj) in Xj^ z defined by Tf^ = 4>fjTij, where (/)^ refers 

to a representative function of the n-jet of (pij. We are going to show that, for 
n big enough, the gluings associated to Tij and T^j are formally equivalent in 
Gluo(A1, Z,IA). Let us consider the following 1-cocycle 

^Here, the isomorphism is related to the category G\uq{M , Z ,IA) . This notation refers to 
the same one but in convergent context. The transposition to formal context is easy. 
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We construct an cquisingular unfolding in the following way: 

i 

Y\ 2 

which admits a projection A^jj2 — > D . This manifold is the neighborhood of a 

— 2 

divisor 'D^2 . Thanks to local triviality of the unfolding along [/^ x D , one can 

2 

find a family {Xi} of vector fields tangent to the foliation such that in [/^ x B 
d 

we have TI{{Xi) — —. The 1-cocycle {Xi — Xj) takes its values in the sheaf 
over 2>|j of germs of vector fields tangent to the foliation, vertical - TIl{X) = - 
and vanishing at order n along V-^. We denote by ^ n the latter sheaf. Since 
z i coherent, one can find the following property in |3] : 

Sub-lemma 2.6. For n big enough, the map 

rrl / $5^ \ ^ ttI ( \ 

\^J^,Z,n ) ' ^ [■^y',Z,l ) 

is trivial. 

Hence, there exists 0-cocycle (Vi) in X^^^ i ^^^h that 

Xi — Xj — Yi—Yj 

Therefore, X = Xi — Yi is a global formal vector field such that TIl{X) = 
d 

— . The biholomorphim Mx^t^s) — (e^'^^^ (x,t,0),t, s) formally conjuguates 
OS _ 

the equisingular unfoldings A^gs and Moxio} ^ ®- -^^ restricting them along 
the diagonal, one can see that A4[Tij] and A4[T[j] are conjugated. 

□ 

By applying the previous lemma to each elementary cobordism in (|2.4.2|l . one 
can proof the cobordism result for foliation of second kind: 

Proposition 2.6.1. Let J- be a foliation of second kind on a marked tree M. 
and Z a cross adapted to T. Any element in Gluo(A^,Z, W) is T -cobordant to 
M. 

3 Existence theorem. 

In this section, we use the proposition (|2.6.1|l to establish the existence theorem. 
Let .F be a foliation of second kind on a marked tree (AA,!), Ejir) and {Ai', V , E') 
be any marked tree. 

Theorem 3.1 (Existence theorem). 

// the marked weighted dual trees of M and A4' are conjugated then there exists 
a foliation J-' on A4' such that J- and T' are linked by an equisingular unfolding, 
which respects the marking. 

We focus on the proof of the above statement. 
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3.1 First step: cocyle transformation. 

Since the marked dual trees of Ai and M.' are conjugated, one can find in 
the fohowing result: there exists an equisingular unfolding of T, which 
leads to a foliation defined on a tree with a divisor biholomorphic to A4"s one. 
Hence, one can suppose the divisors V and V isomorphic. Let us denote by h 
a biholomorphism between the divisors. For each component D, we consider a 
fibration ttd transversal to D 

-KD : T{D) D 

where T{D) is a fixed tubular neighborhood of D. Futhermore, we assume the 
trace of transversal components of T) to be some fibers of tt^i. We make the 
same construction over C's components. An easy computation in coordinates 
allows us to show the following lemma: 

Lemma 3.2. There exists a family of maps {H d) oi^c ornpiv) •'^'c/i that the fol- 
lowing diagram is commutative 

T{D) h{T{D)) 
D h{D) 

We denote by Comp(I?)2 the set {{D,D') E Comp{D)^\D n D' ^ 0}. Let us 
consider the germ of manifold defined by 



'(n,r>')eComp(r>)2 • 

D<£Comp{V) 

One has to notice that the above gluing is different from the gluing introduced 
in previous sections: here, coverings are made of tubular neighborhoods, which 
intersect each other along polydisks; whereas open sets of distinguished covering 
are finer and intersect each other along torus. Nevertheless, the tree is a 
neighborhood of some divisor V. The tree (A^, 2?, E) is a marked tree conjugated 
to {j\4' jV indeed the family (i/c) induces a biholomorphism adapted to 
markings. 

In order to apply the proposition (|2.0.1|1 . we are going to build a tree 7W such 
that j\4 verifies the existence theorem and M belongs to Gln(){^A, Z,U) for 
suitable cross and covering. 

Let us denote by sdd' the intersection of D and D' and (j)DD' '■= 

Lemma 3.3. There exists families (ADD')(D,_D')eComp(X))2 and {(I>d) DeCor-np(V) 
of automorphism germs such that 



Ajjjji is defined near sdd', fixes this point and lets invariant each local 
leaf; 



• is defined along D and fixes each point of D; 

the gerri 
at SDD' 



• the germ of automorphism oAdd' °4>dd' °4>d is tangent to the identity 
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Proof : Let us consider the standard metric d on the dual weighted graph of Ad 

and fix one vertex Dq G Comp(l?). We define the subgraph A*,n > whose 
vertex are at distance smaller than n from Dq. The graphs A* are connected 
and cover the whole M^s graph. One can now consider the restricted family 
i^DD') defined by 

(l>DD' = (pDD', DD' is an edge of A* 

By induction, we establish the result on the subfamily ((/>^£)/). For n = 0, the 
result is obvious and one can choose for the identity automorphism. Let us 
suppose the result true for n: precisely, we have two families Add' and 0d as 
in the lemma such that for any edge DD' of A* 

o Add' o (t)DD' o (t)D 

is tangent to the indentity at sdd'- Let DiDj be an edge of A*_,_;^\A* such that 
Di is a vertex of A* and Dj a vertex of A*_,_^. One has to define in a good way 
(j)Dj and Ad^Dj in order to conclude. Now, one can easily prove the general 
following results: 

Sub-lemma 3.4. 1. Let s be a singular point ofD and a G C*. There exists 
a germ of automorphism A defined near s and letting invariant each local 
leaf such that, in adapted coordinates, the tangent map at s is 

2. For any /3 inC* , any component of D and any c € D, there exists a germ 
of automorphism (p defi/ned in the neighboi'hood of D fixing each point of 
D such that, in adapted coordinates^ , the tangent map at c is 

In adapted coordinates, the tangent map of the automorphism (f>DiDj ° <t>Di is 
In view of the previous lemma, there exists a germ of automor- 
phism Ad^Dj defined near .sd^d, letting invariant each local leaf and a germ of 
automorphism <pDj defined in the neighborhood of Dj fixing each point of Dj 
such that 

Tso,n,{^D]D,°^D,)=(^ 

Then, Ts^.^.i^']^. o Ad^d, ° 4'DiDj ° = Id. Since the dual tree doesn't 
have any cycle, one can repeat the same construction for all edges of A*_|_i\A* . 
Hence, the lemma is proved for A*_,_i. 

□ 



^Here, we assume the second coordinates to be transversal to the divisor 



0? 
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3.2 Second step: a fine distinguished covering. 

With the family {Ado'} of the previous lemma, one can define 

M= JJ '^(^) 

DeCornp{V) 

The tree ^A is a neighborhood of some divisor T). One can find in a precise 
description of germs letting invariant each local leaf of a reduced singularity 
with two non- vanishing eigenvalues. These can be written {x,y) i— > t/)^^'^^ where 
t{x, y) is a function, X a germ of vector field tangent to the foliation and (px 
the flow of X at time t. Particulary, this description ensures that ^A admits a 
foliation linked to J- by an equisingular unfolding. Basically, the unfolding 
exists because there is a suitable isotopy from {x, y) i— > (jy^^'^^ to the identity 
defined by {s,x,y) i— > (jfx^'^\ 

One notices that we have the following isomorphism 

W Tib) / (x - Add' o ^dd'x) . 

DGCompCD) I 

Let us consider Odd' '■= 4>d'^^ ° Add' ° 4>dd' ° <Pd- One can see that, 
]J T{b) [x^ Bdd'x) ~ M. 

beCompCb) I 

We are going to make a last transformation on 9dd' in order to obtain a cocycle 
with values in Q^; it's not hard to prove the following result: 

Sub- lemma 3.5. Let 6 he a germ of automorphism tangent to identity G 
letting invariant the axes {x = 0} and {y = 0}. 9 admits a decomposition of the 
form 

X + x^{cldots) \ — ( ^ ~^ ^y^' ' ' ) 

y + xy{---) r ~ \ y + y^{ddots) 



DeComp(X>) 



For each D, D' E Comp(P)^, we decompose 9dd' in 0dd' = (^%d'°^dd' ■ Taking 
a distinguished covering U = (Ui) finer than the tubular covering (T{b)^^ 
we have the following isomorphisms 

M^]lTib)/eDD'^l[^^/e'DD'=M[OhD']■ 

Let Z be any suitable cross on M adapted to T. Clearly, the tree Ai belongs 
to Gluo{Ai, Z,U). In view of the previous results, A4 is .F-cobordant to A4. 
Hence, Ai' ~ M admits a foliation JT' linked to by an equisingular unfolding. 

□ 
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4 Cobordism class. 



Let J- he a non-dicritical generalized curve and S = Sep{J-) its separatrix. A 
foliation is said to be cobordant to J- when there is an equisingular unfolding 
in the sense of ^ that links T and . We denote by Cob(jr) the set of cobordant 
foliation. The set E(5) refers to the equisingularity class of S or, in a equivalent 
way, the set of curves topologically conjugated to S. 

Theorem 4.1. The map defined by 

T' e Coh{T) I — > Scp(jr') e E(5) 

is onto. 

In order to prove the above result, one notices that the existence theorem holds 
for trees that may not be the minimal reduction tree of a foliation. This remark 
leads us to define the following sequence of blowing-up process: let ^ 
be the blowing-up process of the reduction of the fohation T We define a 

sequence of blowing-up process in this way: 

• 'Bn+i is the blowing-up process build over €„ where S'„ and S„ are both 
the set of singularities of E^T, where En refers to the total morphism of 
€„ CH). 

Proof : theorem i4.1{ l Let S' be a curve in the equinsigularity class of 5*. Let E 
and E' refer respectively to the reduction process of S and S'. In view of a result 
in 0, since is a generalized curve, E is also the reduction of JT. Moreover, 
according to a result of O. Zariski the weighted dual graphs of S and S' 
are conjugated. Particulary, the attached points of S and S' strict transforms 
are on conjugated components. 

Let 7i be the foliation dh ~ Q where h is any reduced equation of S' . For 
any integer n bigger than the height of i?, we consider the sequence £'„ and 
E'j^ built as above with J- and Ti. as respective initial data. For every n, the 
weighted dual trees associated to £'„ and E'^ are conjugated. The theorem 
ensures the existence of a foliation on the tree of E'^ linked to E*!F by an 
equisingular unfolding. Let S'„ be the germ of separatrix of J-'n at G C^. 
One can see that the attached points on the divisor of the strict transforms by 
E'^ of the curves 5„ and S' are on same components. Since JF„ is cobordant 
to J^, J-'n is topologically equivalent to J-^. In particular, Sn is topologically 
equivalent to S' . For n great enough, the study in ensures that 5„ and S" 
are analytically conjugated. The image of J-n by this conjugacy is a holomorphic 
foliation topologically equivalent to J- admitting S" for separatrix. 

□ 
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